We consider a nonlinear model equation describing the motion of a vortex filament immersed in an incompressible and inviscid fluid. In the present problem setting, we also take into account the effect of external flow. We prove the unique solvability, locally in time, of an initial value problem posed on the one dimensional torus. The problem describes the motion of a closed vortex filament.
Introduction and Problem Setting
A vortex filament is a space curve on which the vorticity of the fluid is concentrated. Vortex filaments are used to model very thin vortex structures such as vortices that trail off airplane wings or propellers. In this paper, we prove the solvability of the following initial value problem which describes the motion of a closed vortex filament.
x ξ × x ξξ |x ξ | 3 + F (x, t), ξ ∈ T, t > 0,
where x(ξ, t) = (x 1 (ξ, t), x 2 (ξ, t), x 3 (ξ, t)) is the position vector of the vortex filament parametrized by ξ at time t, the symbol × is the exterior product in the three dimensional Euclidean space, F (·, t) is a given external flow field, T is the one dimensional torus R/Z, and subscripts are differentiations with the respective variables. Problem (1.1) describes the motion of a closed vortex filament under the influence of external flow. Such a setting can be seen as an idealization of the motion of a bubblering in water, where the thickness of the ring is taken to be zero and some environmental flow is also present. Many other phenomena can be modeled by a vortex ring or a closed vortex filament and are important in both application and theory. Here, we make the distinction between a vortex ring and a closed vortex filament. A vortex ring is a closed vortex tube, in the shape of a torus, which has a finite core thickness. A closed vortex filament is a closed curve, which can be regarded as a vortex ring with zero core thickness. [8, 9] proved the unique solvability of the initial value problem in Sobolev spaces. Koiso considered a geometrically generalized setting in which he proved rigorously the equivalence of the LIE and a nonlinear Schrödinger equation. This equivalence was first shown by Hasimoto [5] in which he studied the formation of solitons on a vortex filament. He defined a transformation of variable known as the Hasimoto transformation to transform the LIE into a nonlinear Schrödinger equation. The Hasimoto transformation was proposed by Hasimoto [5] and is a change of variable given by
where κ is the curvature and τ is the torsion of the filament. Defined as such, it is well known that ψ satisfies the nonlinear Schrödinger equation given by
The original transformation proposed by Hasimoto uses the torsion of the filament in its definition, which means that the transformation is undefined at points where the curvature of the filament is zero. Koiso [6] constructed a transformation, sometimes referred to as the generalized Hasimoto transformation, and gave a mathematically rigorous proof of the equivalence of the LIE and (1.2). More recently, Banica and Vega [2, 3] and Gutiérrez, Rivas, and Vega [4] constructed and analyzed a family of self-similar solutions of the LIE which forms a corner in finite time. The authors [1] proved the unique solvability of an initial-boundary value problem for the LIE in which the filament moved in the threedimensional half space. Nishiyama and Tani [8] also considered initial-boundary value problems with different boundary conditions. These results fully utilize the property that a vortex filament moving according to the LIE doesn't stretch and preserves its arc length parameter. This is not the case when we consider external flow.
The LIE can be naturally generalized to take into account the effect of external flow. The model equation is given by
Here, the parametrization of the filament has been changed to ξ because, unlike the LIE, a vortex filament moving according to (1.3) stretches in general and the arc length is no longer preserved. It is worth mentioning that if the Jacobi matrix of F is skew-symmetric, which amounts to assuming that the effect of external flow consists only of translation and rigid body rotation, then the solvability for (1.3) can be considered in the same way as for the LIE. This is because if the Jacobi matrix is skew-symmetric, then the filament no longer can stretch, and the techniques used in the analysis of the LIE can be utilized for (1.3). Thus, in what follows, we do not assume any structural conditions on F .
Regarding the solvability of (1.3), Nishiyama [7] proved the existence of weak solutions to initial and initial-boundary value problems in Sobolev spaces. The solutions obtained by Nishiyama are weak in the sense that the uniqueness of the solution is not known, but the equation is satisfied in the point wise sense almost everywhere. The result presented in this paper is an extension of Nishiyama's result for the initial value problem, and we proved the unique solvability in higher order Sobolev spaces.
The contents of the rest of the paper are as follows. In Section 2, we introduce notations used in this paper and state our main theorem. In Section 3, we give a brief description for the construction of the solution, and in Section 4, we give the main part of the proof of the theorem, which is to obtain energy estimates of the solution in
Function Spaces, Notations, and Main Theorem
We define some function spaces that will be used throughout this paper, and introduce notations associated with the spaces. 
, then there exists T 0 ∈ (0, T ] such that a unique solution x(ξ, t) of (1.1) exists and satisfies
The above theorem gives the time-local unique solvability of (1.1). We note that Nishiyama [7] proved the existence of the solution in C [0, T ]; H 2 (T) for any T > 0, but the uniqueness was not shown. Our result is an extension of his result in that we prove the unique solvability in a more regular Sobolev space. The rest of the paper is devoted to the proof of Theorem 2.1.
Construction of the Solution
In this section, we give a brief explanation regarding the construction of the solution. The method shown in this section is due to Nishiyama [7] . We construct the solution to problem (1.1) by passing to the limit ε → +0 in the following regularized problem.
where ε > 0 and α with 0 < α < 3/8 are real parameters. The solution of problem (3.1) can be constructed by an iteration scheme based on the solvability of the following linear problem.
, the unique existence of the solution to (3.2) 
H m−4 (T) for any T > 0 and m ≥ 4 is known from the standard theory of parabolic equations. Hence, by iteration, we can prove the solvability of problem (3.1) in the same function space. It is shown in [7] that a solution of (3.1) belonging to C [0, T ]; H 2 (T) satisfies |x ξ (ξ, t)| ≥ c 0 > 0 for some positive constant c 0 for all ξ ∈ T and t ∈ [0, T ]. We also make use of this property in the next section.
We state the existence theorem for convenience. 
Energy Estimates of the Solution
Our next and final step is to derive energy estimates for the solution to (3.1) which are uniform with respect to ε > 0. This will allow us to pass to the limit ε → +0 and finish the proof of Theorem 2.1. We do this by deriving suitable energies that allow us to estimate the solution in the function space stated in the theorem. The derivation of such energy is the most important part of the proof and thus, we go into more detail. For simplicity, we derive energy estimates for the solution to our original problem (1.1) because the arguments for the uniform estimates of the solution to (3.1) are the same. Thus, our objective is to derive energy estimates for the solution of
The difficulty arises from the fact that a solution of (4.1) stretches, i.e. |x ξ | ≡ 1 even if |x 0ξ | ≡ 1. When |x ξ | ≡ 1, many useful properties of the solution can be utilized to obtain energy estimates, but these properties are not at our disposal in the present problem setting.
To overcome this, we modify the energy from the usual Sobolev norm to derive the necessary estimates. First, we set v := x ξ and take the ξ derivative of (4.1) to rewrite the equation in terms of v.
where we have set v 0 := x 0ξ , f = 1/|v| 3 , and omitted the arguments of F . Since the energy estimate for the solution in C [0, T ]; H 2 (T) is already obtained in Nishiyama [7] , we only show the higher order estimates. Hence we assume we have the estimate
where c 1 > 0 depends on v 0 2 , and is monotone increasing in T > 0. Following standard procedures, we differentiate the equation in (4.2) with respect to ξ, k times for a fixed k satisfying 3 ≤ k ≤ m and set
where G k is the collection of terms that contain ξ-derivatives of v up to order k and satisfy the estimate
where C > 0 depends on M. M > 0 will be determined later. From here on, G k denotes generic collections of terms that satisfy the above estimate, and the explicit form may change from line to line. Now that we have derived (4.3), the standard method would be to take the inner product of v k and (4.3) and integrate over T with respect to ξ to estimate the time evolution of v k . This is not possible for our equation because the terms with derivatives of v k cause a loss of regularity. To avoid such loss, we employ a series of change of variables to derive a modified energy from which we can derive the necessary estimates. The key idea is to decompose v k into two parts. More precisely, we decompose v k as
The above decomposes v k into the sum of its v component and the component orthogonal to v. The decomposition is well-defined since we know that |v| ≥ c 0 > 0. The principle part of the components are v · v k and v × v k respectively, and we define two new variables
and estimate them separately.
Estimate of h k
We first derive an equation for h k . Taking the inner product of v and the equation in (4.2) yields
Differentiating k times with respect to ξ and substituting the first equation in (4.2) into v t further yields
From the equation in (4.2), we can further calculate
Finally, this shows that {h Furthermore, the decomposition (4.4) the series of transformations in the previous subsections yield
where C The uniqueness of the solution is a consequence of a straight forward energy estimate for the difference of two solutions with the same initial datum.
